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Riassunto: Gli acquiferi fratturati sono sistemi eterogenei in cui 
l’acqua scorre principalmente attraverso le fratture. Le dinamiche 
di flusso, e quindi trasporto di sostanza disciolte, sono control-
late dalla distribuzione topologica e dalle proprietà idrauliche 
della rete di fratture (fra cui l’apertura, la conducibilità idraulica 
K e la porosità ). Queste proprietà topologiche ed idrodinamiche 
sono tipicamente poco caratterizzate in applicazioni di campo, 
generando incertezza nelle previsioni di flusso e trasporto di flus-
so. Questo articolo analizza la possibile applicazione del concet-
to di entropia geologica, ed in particolare l’entrogramma, come 
un approccio per descrivere, e potenzialmente prevedere, flusso 
e trasporto in mezzi fratturati. Nei mezzi porosi, l’entrogramma 
è già stato dimostrato come un approccio effettivo per rappre-
sentare la persistenza spaziale e la connettività degli elementi 
con maggiore K, permettendo quindi previsioni di trasporto di 
soluti quando correlazioni adeguate sono state trovate. Sulla base 
del parallelismo fra elementi a maggiore K nei mezzi porosi e 
fratture trasmissive in mezzi fratturati, sono stati eseguite del-
le prove per studiare un sistema idealizzato bidimensionale con 
una distribuzione regolare di due famiglie di fratture, una con 

Abstract: Fractured media are heterogeneous systems in which water 
flows primarily across rock fractures. Flow dynamics and transport of 
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una distribuzione spaziale più persistente dell’altra. Un model-
lo multifase basato su modellazione discrete fracture network 
(DFN) è stato usato per simulare un test con traccianti, in cui 
una specie conservativa viene rimossa da una seconda specie im-
miscibile iniettata da un pozzo. Le analisi delle curve di arri-
vo (BTCs) della saturazione relativa di ogni fase presso un altro 
pozzo sono servite per studiare la relazione fra indicatori basati 
su entrogramma e la forma delle BTCs. I risultati iniziali sono 
promettenti per lo sviluppo di una valutazione più rigorosa della 
connessione fra diversi indicatori, che richiede principalmente le 
simulazioni di sistemi più realistici di fratture, fra cui sistemi 
multidimensionali. 
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Introduction
In fractured media, the prediction of flow and solute 

transport is notoriously complicated by the limited knowledge 
of the spatial distribution and hydrodynamic properties of the 
water-bearing fractures (e.g. Bonnet et al. 2001; Berkowitz 
2002; Chilès 2005; Dietrich 2005; Sahimi 2011). This includes 
the hydraulic conductivity (K), the porosity (φ), the aperture 
(a) and the connectivity of the fractures (e.g. Fogg 1986; Tsang 
and Neretnieks 1998; Maillot et al. 2016; Pedretti et al. 2016, 
2019; Hyman and Jiménez-Martínez 2018). Matrix properties 
are also important, as they control the exchange between 
water-bearing fractures and the less mobile (or immobile) 
zones of the domain where flow is generally stagnant and 
dissolved solutes experience longer residence times (Pedretti 
et al. 2016, 2019).

Geological entropy (Bianchi and Pedretti 2017, 2018) 
is a new approach that combines multiple controls of flow 
and solute transport in heterogeneous media. Geological 
entropy relies on the assumption that flow and transport are 
correlated to the degree of spatial order in the structure of the 
hydrogeological properties of the aquifer. Metrics derived from 
the information entropy concepts (Shannon 1948) are used 
to quantify the degree of spatial disorder of a system. These 
metrics are then linked to macroscopic characteristics of flow 
and transport by means of empirical correlations useful for 
predictive purposes. So far, applications of geological entropy 
have targeted saturated alluvial aquifers (Bianchi and Pedretti 
2017, 2018) and unsaturated flow systems (Ye et al. 2018). 
Bianchi and Pedretti (2018) demonstrated that the entrogram 
effectively describes key features of the hydrogeological 
system controlling transport behaviour in porous media. 
Examples of these features include connected high-K zones, 
such as gravelly-sandy facies in alluvial aquifers, where solute 
particles tend to converge and be channeled through while 
migrating in the subsurface from a source.

There are multiple analogies between heterogeneous porous 
and fracture media for what concerns transport. For instance, 
water-bearing fractures control flow and transport in a way 
similar to well-connected high-K patterns in alluvial aquifers. 
On the basis of this analogy, we can expect geological entropy 
to be effective in the analysis of solute transport also in 
fractured systems. In particular, the entrogram should be able 
to measure the spatial persistency of the fractures as it does 
effectively for the patterns of connected high conductivity 
zones in porous media, and thus be related to flow and 
transport dynamics.

This work presents a preliminary numerical analysis aiming 
to verify the validity of this hypothesis. The analysis consists 
of simulating conservative tracer tests in a two-dimensional 
fracture network with two idealized regular geometries, 
one with a denser distribution of fracture than the other. A 
multiphase flow system where two immiscible substances 
coexist is studied. The resulting breakthrough curves (BTCs) 
from the tracer tests are compared against the entrograms and 
used to assess any emerging correlation between them. The 
analysis presented in this work is the starting point for a more 

rigorous analysis that will take into account more complex 
and realistic fracture networks.

Data and methods
Multiphase flow simulations

MRST-DFN, a modified version of the MATLAB-
based multiphase flow code MRST (MATLAB Reservoir 
Simulation Toolbox; Lie 2019), was used for numerical 
simulations. This code includes a hybrid discrete fracture 
network module (DFN). In its standard version, MRST 
considers a single porosity system, which can be a fracture, 
the matrix, or an effective system that scales up flow and 
transport in an equivalent mixed system. The DFN module 
adds an extra functionality to MRST being the simulation of 
flow and transport in a second domain overlapping the first. 
Mass exchanges between the two domains can occur as in 
a dual-permeability system. Input files for MRST-DFN are 
easily modifiable making the stochastic parameterisation of 
the system relatively simple. Furthermore, MRST-DFN is an 
open-source code that can resolve several other multiphase-
flow- and transport-related problems.  

The key parameters used for the simulations are listed in 
Table 1. The simulations consider a stationary flow field in 2D 
squared domain with size L=350 m, oriented along a Cartesian 
grid (x,y) (Fig. 1). The system comprises a matrix (M) and two 
orthogonal sets of fractures (F1, F2). Two different setups are 
considered. In the first setup (“field A”), the fracture spacing 
for both F1 and F2 is constant and equals to ΔX=10m. In the 
second setup (“field B”), the fracture spacing for both F1 and 
F2 is constant and equals to ΔX=2m. As shown in Figure 1, 
the result is a denser fracture network in B compared to A, 
with direct implication on the transport dynamics as discussed 
later. The fracture intrinsic permeability, kF, is computed 
from the parallel plate assumption, where kF=a2/12, with 
a=10-3 m. The rock matrix porosity is φ=0.01 and its intrinsic 
permeability is kM=10-17m2. The fluid density is constant and 
close to that of water. These specific values represent typical 
rock formations with limited fracturing and mean aperture 
and taken from the MRST examples.

In the two fields A and B, a multiphase flow system with 
two immiscible phases P1 and P2 is simulated in both 
the fractures and the matrix. Initially (time t=0), P1 has a 
saturation SP1=1 uniformly distributed in the domain, while 
for S2 has saturation SP2=0. Flow boundary conditions are 
set to simulate a steady-state dipole, where an injection well 
(“+w” in Figure 1) with pumping rate Q=1 m3/s is located in 
SW corner of the 2D domain and an extraction well (“-w”) 
with pumping rate Q=-1 m3/s is located in the opposite NE 
corner of the domain. The lateral boundaries are “no-flow” 
boundary conditions. 

A tracer test is performed on each field “A” and “B” by 
injecting a fluid composed uniquely of P2 at the injection well 
(“+w”) and extracting both P1 and P2 from the extraction 
well (“-w”). Keeping the injection of P1 continuous with time, 
P1 progressively displaces P2 from the domain. At “-w”, two 
breakthrough curves (BTCs) are observed, one representing 
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Tab. 1 - Parameters used to run the MRST-DFN simulations.

Tab. 1 - Parametri utilizzati per le simulazioni con MRST-DFN. 

Fig. 1 - Sets of fractures and boundary conditions used for the simulations.

Fig. 2 - Resulting entrograms from the two fields “A” and “B” shown in Figure 1. 
The lag (l) refers to the distance between two points in each direction (x,y,z) defining 
the subvolume to be used to calculate the local geological entropy indicators (Eqs. 2-4).

Fig. 1 - Distribuzione di fratture e condizioni di contorno utilizzati nelle si-
mulazioni.

Fig. 2 - Entrogrammi risultanti dai due campi “A e “B” mostrati in Figura 
1. Il lag (l) rappresenta la distanza fra due punti in ogni direzione (x,y,z) che 
definisce il sotto-volume utilizzato per il calcolo degli indicatori di entropia 
geologica locale (Eqs. 2-4).

the time-dependent change in saturation for P1 (SP1→0) and 
one representing the change in saturation for P2 (SP2→1). 
Using a standard approach in multiphase flow modeling, 
the relationship between relative permeability of each phase  
(kr1, kr2) and the corresponding normalized relative saturation 
(Ŝ1, Ŝ2) is set as a linear function (i.e. a Corey power law model 
with unit power) such that (Lie 2019, p. 241)

( )1 1 1rk k S=


     ( )2 2 11rk k S= −


 (1)

where k1,k2 are end-point normalization constants.

Parameter Value Unit

Domain size 350x350 m

Fracture spacing
ΔX=10 (Field A)
ΔX=2 (Field B)

m

Fracture intrinsic permeability kF=a2/12 m2

Fracture aperture a=10-3 m

Rock matrix porosity φ=0.01 -

Rock intrinsic permeability kM=10-17 m2

Pumping rate Q=1 m3/s

Entrogram metrics
The entrogram of fracture distributions is calculated in two 

steps. In the first step, the 2D lattice on which the fractures 
lie in the MRST model is rasterized to a binary image (b/w), 
resulting in a “two facies” [0,1] system. The entrogram as 
defined in Bianchi and Pedretti (2018) is calculated from 
these binary images, as
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In (2) and (3), ns is the total number of facies (hence, 
ns=2), pL,i (l) are the local volumetric fractions (i.e., marginal 
probabilities of occurrence) of the categories (0 or 1) within 
a subdomain whose dimensions  are defined by the vector  
l = lxi + lyj + lzk. The variable HG is the geological entropy 
of the entire system (here, l=350m), which normalizes the 
entrogram to HR=1. When applied to alluvial aquifers 
(Bianchi and Pedretti 2018), the entrogram measures the 
spatial persistency of the hydrofacies.  In particular, the more 
persistent a facies is, the later the entrogram scales to HR=1. 
The entropic scale, Hs, is a convenient metric to define the 
characteristic length of such spatial persistency, and it is 
defined as

 
( )

0
1 ds RH H l l

∞

= −  ∫  (4)

A further metric of interest is the one-lag entrograms value, 
HR (l=1) (Bianchi and Pedretti 2017). Small HR (l=1) values 
corresponded to porous media that tended to have more 
probability to experience preferential flow and channeled 
transport than systems characterized by higher HR (l=1).

Results
Figure 2 shows the results from the application of the 

entrogram analysis to fields “A” and “B”. In the vertical axis, 
the figure presents the relative entropy index (HR), evaluated 
for different lag sizes (l) reported in the horizontal axis. At 
lag l=1, the curves start from a value close to HR (l=1)=0.09 
for Field “A” and larger value close to HR (l=1)=0.14 for Field 
“B”. The entrogram for Field “A” tends to an asymptotic value 
close to HR=1 for l=90, whereas the entrogram for Field “B” 
tends to HR=1 for l=25, i.e. at much shorter scales than the one 
corresponding to Field “A”. The entropic scales are Hs=16.7 for 
field “A” and Hs=6.3 for field “B”. These results are consistent 
with the fact that the fracture spacing is higher in field “A” 
than “B”, supporting the hypothesis that the entrogram can 
describe the persistency of water-bearing geological features.
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Fig. 3 - Resulting breakthrough curves of phase 2 (P2) evaluated at the extraction well 
‘-w’. P2 enters the system through a continuous injection at well ‘+w’ and displaces the 
existing phase 1 (P1) with time. Time is here normalized and expressed as Pore Volumes.

Fig. 3 - Curve di arrivo risultanti per la fase 2 (P2) valutati nel pozzo di estra-
zione ‘-w’. P2 entra nel sistema attraverso un’iniezione continua presso il pozzo 
‘+w’ e rimuove la fase 1 (P1) esistente nel tempo. Il tempo è normalizzato ed 
espresso come Volumi di Poro (PVs).

The corresponding BTCs for the two fields are reported 
in Figure 3. Note that time is normalized and expressed 
as pore volumes (PVs) to compare the two fields, which are 
characterized by different amounts of fractures and thus 
different flow velocities. The calculation of the PVs is reported 
in Lie (2019). The use of double-log scales emphasizes the 
BTC post-peak behavior or BTC “tailing”. From Figure 3, we 
observed that the BTC for Field “A”, which is characterized by 
coarse fracture systems and larger entrogram scale, displays 
an early arrival time and slightly higher tailing than the 
denser-gridded field “B”. The overarching result is consistent 
with the previous links between geological entropy in porous 
media and shape of the BTCs emphasized by Bianchi and 
Pedretti (2017 2018), and in general with the expected 
behavior of flow and transport in heterogeneous media 
characterized by different lengths of characteristic patterns. It 
is indeed well accepted that systems with higher persistency 
of more permeable features and higher connectivity result in 
enhanced tailing than systems with lower connectivity and 
shorted persistency of more permeable features. (e.g. Bianchi 
et al. 2011; Pedretti et al. 2013, 2014; Bianchi and Zheng 
2016; Pedretti and Bianchi 2018).

The results also agree conceptually with more detailed 
recent studies analyzing flow and transport in fracture 
media using three-dimensional DFN simulations. For 
instance, Hyman and Jiménez-Martínez (2018) showed that 
the Shannon entropy of structured networks (evaluated in a 
different manner than through the geological entropy metrics 
developed here) directly influences the ‘‘mixing capacity’ of 
the solutes in the aquifers. More chaotic structures result in 
greater number of heterogeneity transitions than in more 

ordered structures, resulting in enhanced mixing. Our results 
provide a similar conclusion. Field “B” has a five-times denser 
distribution of fractures than Field “A”, resulting in higher 
probability of mixing of solutes in Field A than in Field B. 
While our simulations are based on multiphase flow of two 
immiscible substances and those by Hyman and Jiménez-
Martínez (2018) reproduced transport of a substance dissolved 
within groundwater, the results are still comparable. Indeed, 
the behavior of P2 in our system is analogous to that of a 
conservative tracer migrating solely by advective mechanisms.

Conclusion and future development
Numerical simulations of transport in two simple 

fracture networks and the application of geological entropy 
concepts suggests that the entrogram can be a useful and 
parsimonious tool for describing and potentially predicting 
flow and transport in fractured media. This task is usually 
complicated by the uncertainty in model parameterisation and 
computational effort. Qualitatively, results from the simple 
systems considered in this study are consistent with more 
rigorous studies of fracture and porous media and provide 
initial insights into the next steps required to develop a more 
comprehensive assessment. Future developments, which may 
also require the derivation of other metrics linked to the 
concept of geological entropy, will necessarily consider more 
complex and realistic fracture network distributions, such as 
two- (2-D) and three- (3-D) dimensional irregular stochastic 
fracture networks.
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